Given a control system and a desired property, an abstracted system is a reduced system that preserves the property of interest while ignoring modeling detail.
Introduction
Abstractions of control systems are important for reducing the complexity of their analysis or design. From an analysis perspective, given a large-scale control system and a property to be verified, one extracts a smaller abstracted system with equivalent properties. Checking the property on the abstraction is then equivalent to checking the property on the original system. From a design perspective, rather than designing a controller for the original large scale system, one designs a controller for the smaller abstracted system, and then refines the design to the original system while incotporating modeling detail.
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Philadelphia, PA 19104 pappasgQee.upenn.edu efficient constructions. In the same spirit, abstractions of analytic control systems were considered in [ll] . In this paper, we proceed in the spirit of [11] and consider abstractions of Hamiltonian control systems. Since Hamiltonian control systems are completely defined by controlled Hamiltonians we will simplify the computation of abstractions by performing them at the level of controlled Hamiltonians. On the other hand, to be able to relate the dynamics induced by the controlled Hamiltonians we need to restrict the class of abstracting maps to those that preserve the Hamiltonian structure. We also characterize abstracting maps for which the original and abstracted system are equivalent from a local accessibility point of view.
Reduction of mechanical control systems is a very rich and mature area [6, 7, 5, 81 . The approach presented in this paper is quite different from these established notions of reduction for mechanical systems. When performing an abstraction one is interested in ignoring irrelevant modeling details. In this spirit one factors the original model by group actions that do not necessarily represent symmetries. This extra freedom in performing reduction is balanced by the fact that information about the system is lost when performing an abstraction, whereas when reducing using symmetries no essential information is lost. However abstracting a control system and in particular an Hamiltonian one is always possible therefore leading to a more general notion of reduction.
Mathematical Preliminaries
In this section we review some basic facts from differential and Poisson geometry as well as control theory and Hamiltonian control systems, in order to establish consistent notation. The reader may whish to consult numerous books on these subjects such as 11, 2, 9, 41.
Differential Geometry
Let M be a differentiable manifold and T,M its tan- 
Poisson Geometry
For the purposes of this paper, it will be more natural to work with Poisson manifolds, rather than symplectic 
(2.7)
for every f , g E C"(N). The control space U is modeled as a fiber bundle since in general the control inputs available may depend on the current state of the system. The map H should be thought of as a controlled Hamiltonian since it (locally) assigns an Hamiltonian function to each control input. Note that the control bundle, and the controlled Hamiltonian completely specify the Hamiltonian control system. In particular, by fixing the control input, one obtains an Hamiltonian vector field. The concept of trajectories of is similar to ordinary control systems. 
system SnM is @-related to SH,
Although the above definition is stated in terms of the exterior derivative of the family of Hamiltonians defining the control system, a canonical construction to be presented a t Section 4.1 will allows us to compute 3 1~ directly from from 'HM. The 
We now return to the proof of 
which is just (4.2). since the differentials of the Hamiltonians capture all system information. We will assume from now on that all the Hamiltonian control systems are affine in controls, meaning that the associated set valued control sections will be affine distributions. F is a linear space of smooth maps, such that:
Let K be the integrable distribution Ker(T4 
we can construct a collection of Hamiltonians X N based on X M as follows: and the Hamiltonian control system defined by X N is the smallest Hamiltonian control system @-related to
As asserted by Proposition 4.7 the abstraction obtained by the canonical construction is the smallest Hamiltonian control system Qrelated to SH,,, , therefore we are always able to compute the minimal $-abstraction of any Hamiltonian control system given an abstracting Poisson map 4.
Local Accessibility Equivalence
In addition to propagating trajectories and Hamiltnians from the original Hamiltonian control system to the abstracted Hamiltonian system, we will investigate how accessibility properties can be preserved in the abstraction process. We first review several (local) accea- If dirn(d(P(XM(z)))) = m, then the control system S H~ is locally accessible at z E II.1.
control system is locally accessible.
'tiM, and M is connected, then contml system SHM is controllable. Then, if S H~ is (symmetrically) locally accessible (at z E hi) then S H~ is also (symmetrically) locally accessible (at $(x) E N). Also, iJ S H~ is controllable then SH, is controllable.
We now determine under what conditions on the abstracting maps, local accessibility of the original system SHnr is equivalent t o local accessibility of its canonical abstraction S".
In particular, we need to address the problem of propagating accessibility from the abstracted system SHN to the original system S H~. We start by exploring the relationship between the Poisson algebras associated with canonically &related Hamiltonian systems.
L e m m a 5.5 Let S H~ be canonically $-related to S H~, then for all x E hl we have
Using the above lemma whose proof we were forced t o omit due to space limitations, accessibility equivalence between the two control systems can be now asserted. and that S H~ is locally accessible while S H~ is not. Then dP('HN)(y) = T;N and by Lemma 5.5 +BdP(%,,,)(x) = T;N for all x such that +(z) = y.
Since S", is not locally accessible there exists some g E C " ( M ) such that dg(z) $ dP('HHw)(z), but + E is surjective so dg(x) must belong t o Ker(+B(x)). Tak Theorem 5. 6 provides moderate conditions to propagate accessibility properties in a hierarchy of abstractions. In fact, when dealing with &ne Hamiltonian control systems we can always build a map $satisfying the conditions of Theorem 5. 6 by defining its kernel t o be Xhi for some i provided that the conjugate of hi belongs to the Poisson algebra associated with the control system. An example of this construction is presented in the next section. 
where pa is given by pa = ml% and p, = mlz sin' 9 ir.
Since the system is fully actuated the Hamiltonian control system s~~ defined over &I = T ' p with the canonical Poisson bracket is given by:
with hl = 0 and h2 = a and where U I and u2 are the control inputs.
The drift vector field associated with ho is invariant under rotations around the vertical axis and could be reduced using this symmetry. However to emphasize the advantages to the abstraction method we will abstract away precisely the directions where there are no symmetries. Consider the local abstracting map:
4:T.S'
-+ T"S' where we treated as formal new inputs ug and uq the abstracted variables 6 and PO, respectively. This is possible since %N does not depend on the embedding a : N v M and therefore the abstracted variables can take any value on 4-l (y). In Equation 6.8 the first and third terms of the first function as well as the second and fifth functions are constants multiplied by inputs, this means that they are associated with the null vector field so we can discard them without altering the Hamiltonian control system defined by X N . We thus obtain: which can be further simplified by discarding the third function since its exterior derivative is linearly dependent on the exterior derivative of the first function. We finally get:
and after renaming the control inputs to U I = u3 and u2 = u2 we obtain the following Hamiltonian control system defined by X N : which is a controllable Hamiltonian control system on N = T'S'. 7 
Conclusions
In this paper, we have presented a hierarchical abstraction methodology for Hamiltonian nonlinear control systems. The extra structure of mechanical systems was utilized to provide constructive methods for generating abstractions while maintaining the Hamiltonian structure. Furthermore we have characterized accessibility equivalence through easily checkable conditions.
These results are very encouraging for hierarchically controlling mechanical systems. Refining controller design from the abstracted to the original system is clearly an important issue to address. Other research topics under current research include the propagations of nonholonomic constraints among the different levels of the hierarchy, and better understanding the relationship between Hamiltonian abstractions and more established notions of reduction based on symmetries.
